Robust control system analysis and design is based on an uncertainty description, called a linear fractional transformation (LFT), which separates the uncertain (or varying) part of the system from the nominal system. System uncertainties to be represented in LFT form include both parametric and non-parametric uncertainties for many .practical problems. LFT formulation for these "mixed uncertainty" systems involves: formulation of a linear parameter varying (LPV) model, construction of a loworder parametric LFT model, and validation of a mixed uncertainty model with respect to measurement data. This paper presents an F-16 aircraft example problem that illustrates the development of a validated mixed uncertainty model for this vehicle.
Introduction
Robust control problems require the formulation of a model that characterizes the nominal and uncertain parts of the system, called a P-A model, as depicted in Block matrix P (partitioned as P,,, P,,, P2,, and PZ2) represents the generalized nominal plant, A is an uncertainty matrix, x is the state vector, U is the control input vector, and y is a vector of measurement signals.
Signals wA and zA provide the connections between the uncertainties, A, and the plant, P.
Systems whose models contain both parametric and non-parametric uncertainties will be referred to in this paper as "mixed uncertainty" systems. ). The uncertainty block, A, for mixed uncertainty systems represents both parametric and non-parametric uncertainties, and can therefore contain real scalar parameters and complex blocks. The uncertainty structure addressed in this paper is defined as follows. The process for formulating and validating P-A models for mixed uncertainty problems can be quite complicated, especially for systems with nonlinear parameter dependencies. An overview of three uncertainty modeling methods is given in Ref.
[ 11 that can be used in combination to obtain a validated mixed uncertainty model for nonlinear systems involving both parametric and non-parametric uncertainties. The methods include: a multivariate polynomial modeling method based on orthogonal function modeling that can be used in developing a linear parameter varying (LPV) model of the system; a parametric uncertainty modeling method that computes a low-order linear fractional transformation (LFT) model based on the LPV model of the system; and an uncertainty bound identification method that can be used to obtain a validated mixed uncertainty model based on the parametric LFT model and assuming an uncertainty structure to characterize unmodeled system dynamics. These methods can be used in combination or separately for application to robust and LPV control system analysis and design problems. This paper presents an example uncertainty modeling problem to illustrate the application of these methods. Section 2 summarizes development of the LPV model, Section 3 presents the computation of an equivalent loworder parametric LFT model, and Section 4 presents the development of a validated mixed uncertainty model for the system. Some concluding remarks are given in Section 5.
LPV Model Formulation
A nonlinear F-16 simulation containing wind tunnel data was used to generate a set of linear models at trim points throughout the vehicle flight envelope for various angles of attack (a) and longitudinal center of gravity positions (xcg), which were obtained as a fraction (percent) of the aircraft mean aerodynamic chord (MAC). The linear models generated over the parameter space consisted of the F-16 short period mode approximation, defined below.
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The parameter values over which the set of linear models of the form of Eqn. (2.1) were generated are defined as follows. 10, 15, 20, 25, 30, 35 ] 
where: ".cg=2
(3.34)
Note that qwg = 1 forces PI lgxc8xcg to be zero.
Solution of Pll Off-Diagonal Blocks
The Pl I off-diagonal block was solved using the crossterms of SA@), as defined by Eqn. (3.9). Since there are only two uncertain parameters, there is only one offdiagonal block of Pll to be solved. For the upper triangular block, the equation is given as follows. The LFT model developed in Sections 2 and 3 does not match the actual system (represented by the simulation model for this example) exactly. This can be attributed to many possible causes, including fit errors in the parameters in trying to limit the order of the model, and unmodeled dynamics in the form of a short period mode approximation instead of the full vehicle dynamics model. Therefore, as a final step in the modeling process, we cover the discrepancy between the simulation model and the LFT model by introducing output multiplicative uncertainties for the unmodeled dynamics and a small parameter uncertainty allowance. Using input and output time histories generated from a detailed simulation, a smallest level of unmodeled dynamics subjected to assumed levels of gust/turbulence disturbance and parameter uncertainty allowance can be computed over the flight envelope. The two state LFT model given in the previous section is used in Figure 2 . The terms, 6, and represent the parameter variations determined in Sections 2 and 3, while A, and Aq denote output multiplicative uncertainties which are intended to capture the unmodeled dynamics. Discrete time measurements for a duration of about 25 seconds sampled at 10 Hertz are assumed given. The elevator command (in degrees) is generated from a uniform random signal passed through a low pass filter with a bandwidth of 2 Hertz. No measurement noise or disturbance is added for simplicity, but a small allowance for these signals, with filters given by Vnoise and Vdist, is included in the model validation process. A11 time signals used in the validation are Hanning windowed to mitigate the effects of data truncation.
The objective is to obtain a smallest model validating unmodeled dynamics at each frequency given fixed allowances in the parameter uncertainties of 16,( I 0.1 and lBXcgl I 0.1, plus a small noise and disturbance allowance. The simulation results from two trim cases are shown for this example. Figures 3 and 4 show the input commands and measured responses about trim conditions at shim = 20°, Xcg = .25 (Case 1) and atrim = 15", Xcg = .3 (Case 2),
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respectively. The time histories shown are the deviations from their respective trim values. Notice that the time responses are significantly different at the two different trim points. Since the input is not zero mean, there is a significant low frequency response of less than 0.02 Hz (Figure 4 ) which will not be accurately captured by the uncertainty bound identification due to the limited time record. Figure 5 shows the smallest model validating multiplicative uncertainties A, and Aq for Cases 1 and 2, as well as fitted uncertainty bounds that can be used in developing weighting functions for the associated mixed uncertainty model. The respective spectrum of the measured outputs is also shown. The figures show that the multiplicative uncertainties are generally larger at higher frequencies, say beyond 1 Hertz. This is expected since rigid aircraft are less responsive at higher frequencies so that any discrepancy, which the output multiplicative uncertainties must cover, will likely be large. The uncertainty bound is also smaller for Case 1 than Case 2. This is expected since the nominal P-A model corresponds to the Case 1 nominal model. The uncertainty bounds for Case 2 can be reduced by setting the 6, and tixcg parameters to nonzero values that correspond as closely as possible to the nominal model of Case 2, and then letting the parametric uncertainty allowances (e.g., kO.1) be relative to these nonzero values.
In developing a validated mixed uncertainty model that is valid over the flight envelope being considered for this example (i.e., the a-xcg parameter space), model validating uncertainty bounds can be identified for each trim point in the parameter space (using the appropriate nonzero 6, and tixcg parameter values associated with each trim condition). Then, the uncertainty bound obtained for the nominal model can be modified such that coverage is obtained over all trim points in the parameter space. Alternatively, the uncertainty bounds obtained over the trim points can be parameterized over a and xCg. If a parameterization is performed, then the LFT computation method of Section 3 can be utilized to obtain the final validated mixed uncertainty model for the system.
The unmodeled dynamics part of the resulting model helps to cover the discrepancies between the "true" system and the parametric LFT model. Sources for these discrepancies include: (i) errors in the parameter fit in forming the LPV model, (ii) the differences between the LPV model and the full nonlinear coupled dynamical motion of the F-16, (iii) discrepancy in the dynamics between the two trim points, and (iv) the linear, time-invariance assumption in the parameterization of the model validating uncertainties.
Concluding Remarks
This paper has presented an example uncertainty modeling problem for an F-16 aircraft that illustrates the application of the modeling methods presented in Ref. [l] . A detailed nonlinear simulation was used to generate a set of linear models for the short period mode approximation of the vehicle over variations in a and xcg that characterize nearly the full flight envelope. An LPV model was developed by parameterizing the state model matrix elements over the set of linear models.
A low-order parametric LFT model was then computed based on the system LPV model. Development of a validated mixed uncertainty model was illustrated for two trim points using the parametric LFT model and a multiplicative uncertainty structure defined to characterize unmodeled dynamics.
The resulting mixed uncertainty model could be used for robust control system analysis and design using panalysishynthesis and LPV control methods. For example, p-analysishynthesis could be used to design a single robust control system that provides robust stability and performance relative to variations in a, uncertainties in xcg , external disturbances (e.g., gustshrbulence), sensor noise, and unmodeled dynamics. If a single robust control system cannot be designed for this problem, a robust parameterdependent control system could be designed, using panalysishynthesis and LPV control methods, to provide scheduling over a and robustness to uncertainties in xcg, system noise and disturbances, and unmodeled dynamics. As illustrated by the example of this paper, the uncertainty modeling methods presented in Ref. [l] provide a computer-aided uncertainty modeling capability for a broad range of practical problems. 
